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Recent studies aimed at investigating artificial analogues of bacterial colonies have shown that low–
density suspensions of self–propelled particles confined in two dimensions can assemble into finite
aggregates that merge and split, but have a typical size that remains constant (living clusters). In
this Letter we address the problem of the formation of living clusters and crystals of active particles in
three dimensions. We study two systems: self-propelled particles interacting via a generic attractive
potential and colloids that can move towards each other as a result of active agents (e.g. by molecular
motors). In both cases fluid–like ‘living’ clusters form. We explain this general feature in terms of
the balance between active forces and regression to thermodynamic equilibrium. This balance can
be quantified in terms of a dimensionless number that allows us to collapse the observed clustering
behaviour onto a universal curve. We also discuss how active motion affects the kinetics of crystal
formation.
PACS numbers:
Active systems consume energy that keeps them in an
out–of–equilibrium state [1, 2]. This is typical for many
biologically relevant systems which, by exploiting chemi-
cal energy, can self-organise into complex structures that
lack any equilibrium counterpart. Examples are abun-
dant and exist at different length-scales: from cytoskele-
ton remodulation during cell mitosis [3] to swarming phe-
nomena in micro-swimmers or flocks of birds [4, 5]. The
similarity of the patterns displayed by these systems lead
many to address the general principles behind their for-
mation using simple models [6]. The reproducibility and
robustness of the phenomena under a variety of external
conditions motivated a large body of research on self-
assembly of active particle as a possible strategy towards
the fabrication of new functional nano- and mesoscopic
structures [7]. In this respect there have been several
efforts to study active self-organisation in a tightly con-
trolled environment; the most studied systems being self–
propelled particles [6, 8–11] and active gels (e.g. [12]).
Recently, two experimental groups have shown how
two–dimensional suspensions of self–propelled (SP) col-
loids (moving through the consumption of an appropri-
ate ‘fuel’) self–assemble into dynamic clusters that con-
stantly join and split, recombining with each other to
reach a steady-state [13, 14]. A general understanding
of active cluster formation is lacking, but different expla-
nations have been proposed. The authors of Ref. [13] ar-
gued that a net attraction between colloids is responsible
for clustering. This attraction is due to non-uniformity
in the chemical fuel concentration between two colloids.
This was confirmed by Ref. [14], that also found a 1/d2
dependence of the particle-particle attraction ( d being
the inter-particle distance). The formation of finite-size
clusters has been also observed in low density bacte-
ria/polymer suspensions, at intermediate polymer con-
centrations just before phase separation [10]. However,
in other recent studies (e.g. [9, 11, 15, 16]) clusters were
shown to form due to dynamic instabilities, hence attrac-
tion cannot be singled out as the only cause promoting
aggregation in active systems.
Doubts remain over the nature of the driving forces
behind clustering observed in different experiments. Fur-
thermore, it is not clear whether this phenomenon is
specific to these systems or a generic feature of non-
equilibrium.
To address these questions, in this Letter we report
and explain the formation of living clusters in two very
different active systems and at arbitrarily low packing
fraction. The first system consists of SP particles similar
to those used in Refs. [13, 14] with an added isotropic at-
traction. The second are hard spheres that, when closer
than a given range, are brought together by molecular
motors acting as dynamical cross links between ‘tracks’
(e.g. microtubules) grafted to the particles. The model
was inspired by recent work in which centrosomes [17]
were self–assembled with the microtubule polarity con-
strained to point inward/outward [24]. Note that in this
model, motors’ action leads to a net attraction between
particles. We refer to these particles as self-displacing
(SD). To highlight the difference between the models,
consider that in the absence of activity and at the pack-
ing fractions used in this study (two orders of magnitude
below hard sphere freezing) SP particles would condense,
while SD particles would remain in the gas phase. Fur-
thermore, the role of activity in the two systems is in-
verted; in the SP model it tends to break up clusters,
whereas for SD particles it drives their formation, and
splitting is instead due to diffusion.
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2By comparing these two different systems, we show
that the assembly of finite sized clusters at low pack-
ing fraction is a generic feature of suspensions of active
colloids and it is not limited to the systems studied in
Refs [13, 14]. Moreover, we demonstrate that the for-
mation of finite aggregates can be interpreted as a com-
petition between equilibrium and active forces.
Simulation details. Self-propelled colloids are modelled
as spherical particles of radius σp = 10σ (where σ is
the MD unit of length) interacting via a Lennard-Jones
potential
V (rij) = 4
[(
σp
rij
)12
−
(
σp
rij
)6]
, (1)
truncated and shifted at 25σp. Self–propulsion is im-
plemented by adding a constant force F acting along a
predefined axis through the particle (see Fig. 1a). To en-
able the rotation of the axis of the colloid, and therefore
the direction of its propulsion, two small ideal particles
with diameter σ are placed inside each colloid along its
axis and positioned 4.5σ symmetrically with respect to
the center of the particle, forming a rigid body with the
colloid. Though the small particles do not interact with
any other particle in the system, they are however sub-
jected to the thermal fluctuations induced by the bath,
thus leading to a net Brownian rotation of their axis.
The motion of each particle is governed by the Langevin
equation:
mr¨i = −
∑
j 6=i
∂V (rij)
∂ri
− ζr˙i + Fi + FR,i (2)
where m is the sphere’s mass, set to 1, and ζ is the
friction coefficient (ζ = mγ with damping coefficient
γ). FR,i =
√
kBTζRi(t) is the the random force due to
the solvent, where Ri(t) is a stationary Gaussian noise
with zero mean and variance 〈Ri(t)Rj(t′)〉 = δ(t− t′)δij .
The damping parameter is γ = τ−1, τ being the MD
time unit. Simulations were performed at two differ-
ent packing fractions φ = 0.01 and φ = 0.1, using the
code LAMMPS [18] with a total number of particles
of Npart = 1728 for at least 15 · 106 time-steps (being
∆t = 0.008 τ). Each simulation was repeated between 4
and 16 times with different initial random velocities.
SD colloids are modelled as hard spheres with diame-
ter σ following Brownian motion with diffusion constant
D. Whenever two (randomly chosen) particles are closer
than a given distance (RA), they can be self–displaced
toward each other along the direction joining their cen-
tres. The activity of SD colloids is then specified by the
range RA within which particles can be cross–linked, the
rate ν at which pulling events occur and ∆xA, the size
of the active displacement (see Fig. 1b). In this work
we set RA = 2σ. The dynamics is implemented using a
a bF
F
D
 xA/2
< RA
rij
FIG. 1: a) Self–propelled (SP) particles (with propulsion
force F ) interacting via a Lennard–Jones potential. b) Self-
displacing (SD) particles moving towards each other over a
distance ∆xA with a rate ν if they are within a distance RA.
Particles also undergo diffusion (D). Depending on the values
of ∆xA, ν and D, either clustering or collisions dominates.
Monte Carlo algorithm generating diffusive or attractive
displacements with the correct frequencies. For a given
‘pulling’ rate ν we randomly select a colloid i and one of
its neighbours j. Particle i and j are then moved toward
each other over a distance min[∆xA, rij − σ], unless this
motion results in an overlap with a third colloid. The
active displacement does not alter the centre of mass of
the two colloids. If ∆xA ≥ RA − σ the colloids are dis-
placed to their closest possible configuration. We call this
the ”processive limit” because molecular motors would
drag the two colloids until the end of the microtubule is
reached. Simulations with SD colloids were performed
with Npart = 1000 and Npart = 2000.
Aggregation of living clusters. One of the most inter-
esting results of our simulations is that, despite being
fundamentally different, both models lead to the forma-
tion of disordered ‘living’ aggregates. The degree of
clustering is measured by the
Θ = 1− 1〈Sclust〉 , (3)
where 〈Sclust〉 is the average number of particles in a
cluster. Θ ranges from 0 in the gas phase (〈Sclust〉=1)
to 1 − 1/Npart ≈ 1 when all atoms belong to a single
cluster (〈Sclust〉 = Npart). Two particles are defined
as clustered whenever rij < 1.2 · σp (for SP particles)
or if rij < RA (for SD particles). The number and
morphology of the clusters depend on the relative ra-
tio between equilibrium and out-of-equilibrium control
parameters, as measured by a dimensionless quantity
which we call the propensity for aggregation Pagg. In
the case of SP colloids Pagg is simply the ratio between
the strength of the attraction between particles and the
propelling force: Pagg,SP ≡ ε/(Fσp), while for SD col-
loids, Pagg is the ratio between the times to move col-
loids actively and diffusively over a distance of RA − σ:
Pagg,SD = ν/[2D/(RA − σ)2].
Fig. 2a shows the number of clusters per particles in
the SP colloidal suspension for different values of  and
3FIG. 2: Degree of clustering Θ versus aggregation propen-
sity (see text for the definitions) for the SP (a) and the SD
systems (b). Results for several propulsion forces F (a) and
diffusion coefficients D (b) collapse onto two universal curves.
The insets represent typical snapshots of living clusters, the
cluster size distribution function (a), and the pair distribu-
tion function (b) at significant Pagg where finite clusters form.
Particles belonging to different clusters in (a) are colored dif-
ferently and, for clarity, monomers and small clusters are not
shown. In the SP case φ = 0.1 and Frefσp = 10kBT , while
in the SD case dcm/RA = 2 (φ = 0.008), Npart = 1000 and
Dref = 0.01σ/τMC , τMC being the simulation time unit.
F . These data represent the steady-state value for the
cluster distribution, to which different initial states con-
verge after a short transient time. Strikingly, all data
collapse onto a single master curve when plotted as a
function of Pagg,SP. Furthermore, the figure shows a
linear increase in the degree of clustering with decreas-
ing activity (i.e. increasing Pagg,SP ), which supports the
simple picture of the mechanism of cluster formation in
terms of two competing terms: the LJ attraction drives
aggregation, whilst activity counteracts the formation of
large clusters.
Fig. 2b shows the same analysis for SD colloids in the
processive limit (∆xA > RA − σ) at a colloidal packing
fraction of 8 · 10−3. In this case clustering is observed
when activity increases. The trend is opposite to that
observed in Fig. 2a for SP particles because, as discussed
above, in the SD suspension activity is responsible for
aggregation, whereas for SP particles activity is the lim-
iting factor for cluster formation. Increasing the col-
loidal diffusivity increases the probability of a colloid to
detach from the cluster. Interestingly, as in the SP sys-
tem, the number of clusters exhibits a linear dependence
on Pagg,SD. However, as we approach the limit in which
a single big cluster forms (see Fig. 2), we observe that
the relaxation time required to reach the steady state in-
creases sensibly, suggesting the presence of a phase tran-
sition. We defer this issue to a future study.
In both systems we find that the cluster size distri-
bution appears to follow a power law (see insets in Fig.
2a). Clusters coexist with a monomers–rich gas phase.
The clusters grow and shrink dynamically. An analysis
of the pair correlation function (inset of Fig. 2b) does
not reveal any sign of structural order at longer range
than the typical cluster size. Notice that living clus-
ters form in the region where Pagg,SP ≈ 0.1 − 0.5 and
Pagg,SD ≈ 1 − 5, i.e. where active and thermal forces
have comparable magnitude. This highlights the synergic
nature of these non–equilibrium aggregates. This power-
law behavior for cluster-size distributions has also been
observed as a function of energy-intake and particle den-
sity in a recent study on active Brownian particles [19].
Interestingly, when SP particles were confined to move
in 2D, for moderate Pagg,SP we obtained living clusters
with crystalline order analogous to those observed in the
experiments of Ref. [14]. However, we never observed
living clusters with crystalline order in 3D in the regime
where active and thermal forces have comparable magni-
tude.
Driven phase diagram of the SD suspension In the SD
suspension, activity is controlled not only by the pulling
rate but also by the size of the active displacement ∆xA.
In Fig. 3a we show how clustering is altered by the latter
parameter. As expected, decreasing ∆xA the degree of
clustering can be kept constant by increasing ν.
In Fig. 3b we investigate the change in the number
of clusters as a function of the number density ρ. More
specifically we plot it as a function of the average distance
between colloids in the bulk, dcm = ρ
−1/3. Not surpris-
ingly, a larger degree of activity is required to maintain
clustering at large values of dcm. Both Figs. 2 and 3
suggest the presence of a dynamical transition in which
the number of clusters varies continuously from one to a
finite fraction.
Active crystallisation Beyond a well-defined onset
value of Pagg we observe cluster crystallisation. Crys-
tallinity of the aggregates is detected by evaluating the
q6 bond–order parameter and using the criteria described
in Ref [20, 21] Fig. 4 shows the fraction of solid-like par-
ticles as a function of Pagg,SP for suspensions of SP (a)
and SD (b) particles. For SP particles (Fig. 4a) the frac-
tion of crystalline particles exhibits a non–monotonic be-
haviour. For  >> Fσp (in our simulations,  ≥ 30kBT
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FIG. 3: (a) Fraction of clusters in the SD suspension as a
function of the processivity parameter ∆xA/(RA − σ) versus
the aggregation propensity Pagg,SD and (b) as a function of
their average distance dcm = ρ
−1/3 versus Pagg,SD. In (a)
dcm/RA = 2 (φ = 0.008).
FIG. 4: Crystallisation of active particles. Fraction of solid-
like particles in the system versus the aggregation propensity
in the SP (a) and SD (b) case. The snapshots in a) show the
crystallization process of a single cluster (φ = 0.1,  = 60kBT
and Fσp = 80kBT ) during the course of a simulation. Fluid-
like particles are depicted in blue, solid-like particles in red.
Crystals span the whole simulation box b) SD particles at
low ∆xA/σ form small faceted crystals that are replaced by
arrested aggregated when ∆xA increases (inset snapshots). In
this case dcm/RA = 2 (φ = 0.008).
and Fσp ∼ 10kBT ), we observe the formation of disor-
dered structures that survive throughout the simulation.
Formation of the equilibrium crystalline phase at high
values of  is kinetically hindered by the strong inter-
particle attraction, which leads to low diffusivity and
hence long equilibration times. In the opposite regime,
when  ≈ 0.1Fσp (i.e. Pagg,SP ≈ 0.1 ), the living fluid
aggregates described in Fig. 2 make their appearance. At
intermediate values of /Fσp (see Fig. 4a) instead, the
balance between particle attraction and activity leads to
the formation of crystalline clusters. A possible interpre-
tation of these results is that in this intermediate regime,
the role of activity is that of speeding-up the kinetics of
crystal formation by increasing the diffusivity, allowing a
faster annealing of defects.
It is instructive to relate the simulation parameters
in the SP case to the experimental systems discussed in
Ref. [13–16]. If a colloid of σp = 1µm is propelling with
v ∼ 5µm/s, its propulsion force in water is F ∼ 0.05pN .
Our analysis suggests that the interaction strength be-
tween the colloids required to form a single macroscopic
fluid cluster should be  ∼ 6kBT ( Pagg,SP ∼ 0.5). For
lower attractions the system forms many living clusters,
as typically observed in experiments. According to Fig.
4a, a well-ordered crystal of active particles should be
expected within a few seconds for  ∼ 12kBT .
Fig. 4b shows the crystallisation route followed by
SD particles. In this system, crystals only form for
small displacements. When the processivity parameter
∆xA > 0.1, aggregates instead undergo structural arrest
before they can rearrange into an ordered structure. We
believe the reason behind the formation of regular struc-
tures with SD particles is similar to the mechanism lead-
ing to crystallisation in an external field (e.g. [22, 23]).
However, here the effective external forces push the par-
ticles toward the center of a cluster. It should be stressed
that in both our systems crystallisation typically leads to
irreversible clustering rather than to an equilibrium size
distribution of living clusters.
Conclusion. In this Letter we have investigated the for-
mation of living fluid-like clusters and crystals from low
density suspensions of active colloids. We have studied
two different systems: self–propelled particles interacting
via an attractive potential and hard spheres in which col-
loids are pairwise self–displaced toward each others. In
both cases we observed the formation of living fluid clus-
ters (as in Ref.[13, 14]) and irreversible crystals of active
particles. We showed how the formation of finite aggre-
gates can be ascribed to a balanced competition between
equilibrium forces and activity, regardless of the nature of
the latter . Furthermore, we demonstrated that activity
aids annealing defects in crystalline clusters.
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